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In his well-known paper [8], Shoda investigated the structure of the 
automorphism group of a finite abelian group. Each such automorphism 
group has a nilpotent normal subgroup the factor group by which is a 
direct product of general linear groups. In this paper we show that this 
kind of group occurs frequently within the automorphism groups of a wide 
class of groups: Given any group G, and, say, a finite abelian normal sub- 
group A of G, the group of automorphisms of G which centralize G/A has 
the structure roughly described above. The heart of the paper is 
Lemma 3.1, where a simple general relation between the group C,,,,(G/A) 
and a certain ring of cocycles is established. This connection between 
automorphism groups and circle groups of rings is the main tool for our 
proofs. We have to collect several statements on the circle groups of rings 
(Chap. 1) before we introduce our cocycle rings (Chap. 2) and make exten- 
sive use of these preparations in Chapters 3 and 4. In Theorem 4.2, we give 
a sufficient condition for C AufG(G/A) to split over its nilpotent normal sub- 
group occurring in the structural description of C,,,,(G/A) as indicated 
above. Moreover, we show that this nilpotent normal subgroup frequently 
is the maximal nilpotent normal subgroup of C,,,,(G/A). If B, C are nor- 
mal subgroups of G and contained in A, Theorem 3.4 gives a sufficient con- 
dition for the product C,,,,(G/B) . CAutG (G/C) to be a subgroup of Aut G. 
1. CIRCLE GROUPS OF RINGS 
All rings considered in this paper are associative, but do not necessarily 
have an identity. A zero ring is a ring whose square is zero, i.e., whose mul- 
532 
0021-8693/85 $3.00 
Copyright 0 1985 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
GROUPAUTOMORPHISMS 533 
tiplication is trivial. For every ring R, the circle composition in R is defined 
by 
aob:=a+b+ab for all a, b E R. 
This makes R into a semigroup with unit element 0. If R has an identity, 
this circle semigroup of R is isomorphic to the multiplicative semigroup of 
R. The left and right invertible elements of the circle semigroup are called 
quasi-regular, and the set of all quasi-regular elements of R is denoted by 
Q(R). Obviously, Q(R) is a group, the circle group of R. For a E Q(R), the 
inverse element of a with respect to the circle composition is denoted by 
a-. We remark 
Zf R has an identity 1, then a E Q(R) if and only if 1 + a is a unit 
in R. (1) 
By [6], the Jacobson radical J(R) of R is contained in Q(R), and it is easy 
to see that J(R) is a normal subgroup of Q(R). It is well known that Q(R) 
is a nilpotent group if R is a nilpotent ring (cf. [7, 1.6.41). We observe 
If 113 Z2 are ideals of R such that I, n I, = 0, then 
QVI +I,) = Q(Z,) x Q(Zd. (2) 
We now prove several preparatory lemmas which we shall need fre- 
quently. 
1.1. LEMMA. Let R be a ring, Z an ideal of R such that Zr Q(R) and 
a E R. Then the following three conditions are equivalent: 
(i) a E Q(R), 
(ii) a + ZE Q(R/Z), 
(iii) a + ZG Q(R). 
Proof: We have to prove that (ii) implies (iii). Let FEZ. Then, by (ii), 
there exists an element b E R such that 
(a+j)ob=Orbo(a+j)modZ. 
We put c := (a + j) 0 b, d := b 0 (a + j). Then c and d are quasi-regular, and 
(a+ j)o(boc- )=O=(d-ob)o(a+j). 
Hence a + jE Q(R). 




Then we have jeI and b=acj~aoI. Hence a+IGaoI. The converse 
inclusion is trivial. 
1.3 LEMMA. Let R be a ring, I an ideal of R such that IS Q(R) and T a 
one-sided ideal of R. Then 
Q(T)oI= Q(T+I). 
Proof By Lemmas 1.2 and 1.1, we have 
Q(T)oI=Q(T)+IcQ(T+I). 
Now suppose bEQ(T+I), say b=a+j with aET, jeI. Then 
a+I=b+IEQ((T+I)/I), hence aEQ(T+I) by 1.1. This implies a~Tn 
Q(T+I)=Q(T). Hence bEQ(T)+I 
Furthermore, 1.1 and 1.2 imply 
1.4 COROLLARY. For every ring R we have Q( R/J(R)) = Q(R)/J( R). 
1.5 LEMMA. Let R be a ring such that J(R) is nil and R/J(R) has an 
identity. Then 
J(R) = {a 1 a E R, ab is nilpotent for all b E R} 
= {a ) a E R, ba is nilpotent for all b E R}. 
Proof: For a E J(R), b E R we have ab E J(R). By our hypothesis on 
J(R), ab is nilpotent. If on the other hand UE R and each element of aR is 
nilpotent, then aR is a nil right ideal of R, hence aR E J(R). Since R/J(R) 
has an identity, there exists an element e E R such that a- ue mod J(R). 
Therefore we have a E J(R). The second equality is proved similarly. 
1.6 LEMMA. Let R be a ring such that R/J(R) is a direct sum offinitely 
many full matrix rings over skew fields. If none of these direct summa&s 
consists of two elements, then 
(i) R is additively generated by Q(R) 
(ii) Z(R) n Q(R) = Z(QW). 
Proof The second assertion follows from the first, since (i) implies that 
Z(Q(R)) E Z(R). As for (i), by virtue of 1.4 we may assume that R is a full 
matrix ring over a skew field D. By (1 ), each matrix which has at most one 
nonzero entry is quasi-regular, if that nontrivial entry does not belong to 
the main diagonal of our matrix or if it is distinct from - 1. Hence we are 
done in the case ID( # 2, and for ID( = 2 the proof will be complete once we 
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have shown that each matrix M whose only nonzero entry belongs to the 
main diagonal is a sum of quasi-regular matrices. Let i be the natural num- 
ber such that the (i, i)-component of M equals 1. Let L be the matrix 
whose only nonzero entry is the (i, j)-component, with an integer j # i. 
(Note that /RI # 2!) By (1 ), L as well as its transpose L’ and L + L’ + M 
belong to Q(R). Hence A4 is a sum of quasi-regular elements. 
2. COCYCLE RINGS 
Let G be a group and A an abelian normal subgroup of G. A cocycle of 
G into A is a mapping f of G into A such that (xy)/= xf’yf for all x, y E G. 
The set of all cocycles of G into A is denoted by Z’(G, A). Easy consequen- 
ces of the definition of a cocycle of G into A are the following statements: 
kerf:={x(xEG,x’=l} isasubgroupofG. (3) 
im f is a group if and only if im f is a G-invariant set. (4) 
(~-~)~=(x~)-‘“-‘)foralZx~G. (5) 
xf = yf tyand only if xy - ’ E ker f, for all x, y E G. (6) 
Iff, g E Z’(G, A), then the mappings 
f+g: xwxfxg 
and 
are cocycles of G into A, as is easily verified. Thus we have defined an 
addition + and a multiplication . in Z’(G, A). Routine calculations yield 
(Z’(G, A), +, +) is a ring. (7) 
We set R := Z’(G, A) and define for every subset U of G the annihilator of 
(I in R by 
Ann,J U) := {f 1 f E R, z/= 1 for all u E U>. 
This is obviously a right ideal of R, and 
Ann,(A) is a zero ideal of R, 
since for all f E R, g E Ann.(A), a E A 
a(h) = (aJ)g = 1 = If= (ag)f= a(d). 
(8) 
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The restriction of any f~ R to A is a G-endomorphism of A, and the 
restriction mapping 
p: R -+ End, A, f-f/ A 
is a homomorphism with ker p = Ann,(A). 
If f E R, g E End, A, then fg E R (9) 
and fPg = (fg)“. We thus have 
R/Ann,(A) is isomorphic to a right ideal of End, A. (10) 
If A has a complement in G, then p is a mapping onto End, A. More 
precisely, we remark 
If A has a complement K in G, then Ann,(K) is a complement of 
Ann,(A) in R and isomorphic to End, A. (11) 
For if the projection of G onto A with respect to the semidirect decom- 
position G = KA is denoted by 7cA, we have xnA g E R for all g E End, A, by 
(9). Since (7~~ g)” = g, p is onto and R/Ann,(A)2 End, A. We even have 
RP = Ann,(K)P, as rr,a ge Ann,(K). Therefore for every fE R there exists an 
element h E Ann,(K) such that f p = hP, i.e., f-h E ker p = Ann,(A). Since 
Ann,(A) n Ann,(K) = 0, (11) holds. 
Of course, the G-structure of A influences the structure of R. We 
obviously have 
If B is a normal subgroup of G which is contained in A, then 
Z’( G, B) is a left ideal of R. (12) 
Moreover, we observe 
If A is the direct product of normal subgroups B, C of G, then 
R = Z’(G, B) + Z’(G, C) and Z’(G, B) nZ’(G, C) = 0, (13) 
, 
since, the projections of A onto B (resp. C) with respect to the direct 
decomposition A = BC being denoted by rcg (resp. rec.), every f E R has the 
representation f = fng + fnc. Thus, by (9), f c Z’(G, B) + Z’(G, C). The 
remaining assertions in (13) are obvious. 
If B is a normal subgroup of G which is contained in A such that 
B” c B for all cp E Hom,(B, A), then Z’(G, B) is an ideal of R: (14) 
By (12), Z’(G, B) is a left ideal of R. Since for any f E R the restriction f 1 B 
is a G-homomorphism of B into A, we have Bfc B, yielding 
Z’(G, B) f E Z’(G, B). Thus (14) holds. 
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2.1 LEMMA. Let G be a group, A an abelian normal subgroup of G and 
R := Z’(G, A). There is a l-l correspondence between the set of idempotent 
elements of R and the following set of semidirect decompositions: 
{(K,B)(BgG, B<A,K<G,KnB=l,KB=G}. 
Proof If e is an idempotent element of R, we put K := ker e, B := im e. 
Then x(xe) - ’ E ker e for all x E G, by (5), whence G = KB. By (3) and (4), 
K is a subgroup and B is a normal subgroup of G. If x E K n B, x = y’ with 
an element y E G, then 1 = xe = ye2 = y’ = x. Conversely, if G is a semidirect 
product of a subgroup K and a normal subgroup B such that B 6 A, then 
we define e to be the projection of G onto B with respect to the decom- 
position given by (K, B). This yields the wanted l-l correspondence. 
2.2 LEMMA. Let G be a group, A an abelian normal subgroup of G and 
R:=Z’(G,A). IfG=KB with BaG, B<A, K<G, KnB=l andfER 
such that BJ= B, ker f = K, then there exists an element h E R such that 
fh = e = hf, where e is the idempotent element corresponding to the semidirect 
decomposition (K, B). 
Proof For every x E G, x = kb with k E K, b E B, we put xh := b, where 6 
is the uniquely determined element of B such that 6/= b. Then it is easy to 
see that hER andfh=e=hf 
Now let a be an automorphism of G which normalizes A. For all f E R, 
we put 
f’:G+A,xt+x’-? (15) 
Then (xy)’ = (~“-‘y~-‘)~~ = (~“-~j”-‘y’-~~)’ = x/“‘vf” for all x, y E G, i.e., 
fan R. Iff, gE R, then 
for all x E G. As moreover, f (ap) = (f ‘)B for all CI, /I E NAutC( A), f E R, we see 
that (15) gives rise to a homomorphism of NAutG(A) into the 
automorphism group of the ring R: 
NAulG(A) acts on the ring R. (16) 
In the following, set D := N,,,,(A). For all 01 ED, f e R, XE G we have 
xc ker(f”) if and only if xaeV= lm-’ = 1, i.e., XE (ker f )", whence 
ker( f “) = (ker f )” for all a E D, f E R (17) 
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holds. We also have 
If B is a normal subgroup of G which is contained in A, then 
Z’(G, B)” = Z’(G, B”) for all a ED, (18) 
since f E Z’(G, B”) means that, xfg Ba for all x E G; this is equivalent to 
X”‘E B” for all x E G, i e . ., xP E B for all XEG, fa-‘eZl(G, B), proving 
(18). 
3. CONNECTIONS BETWEEN COCYCLE RINGS 
AND AUTOMORPHISM GROUPS 
So far having collected several useful remarks on our ring R, we now 
observe an important structural connection between R and the group of 
automorphisms of G which leave fixed each coset of A in G: 
3.1 LEMMA. Let G be a group and A an abelian normal subgroup of G. 
Then C,,,,(G/A) is D-isomorphic to Q(R). 
ProoJ We set C := C,,,,(G/A) and define, for a E C, 
f,:G+A, xH[x,a]. 
The equation [xy, a] = [x, a] “[ y, a] which holds for all x, y E G shows 
that f, is a cocycle of G into A. Moreover, we have for all a, BE C the 
second commutator identity [x, a/l] = [x, p][x, a][[x, a], p] for all 
x E G, whence fua = fs + f, + fa fs = f, 0 fa. As f& = 0, we conclude that the 
mapping 
-:C-tR,a~f, 
is a homomorphism with c z Q(R). If a E ker -, then [x, a] = xA = 1 for all 
x E G, hence a = id,. Therefore, - is injective. Now if f E Q(R), we put 
af:G-+G,xHx.xJ, 
and a routine calculation shows that aJ is an element of C. Since q= 
ftafJ = f, we have c = Q(R). From 
xh6 = [x, aa] = [x6-‘, aIs = x(fa)’ for all xEG,aEC,GED 
we conclude that - is a D-isomorphism which completes the proof of our 
lemma. 
As a corollary, we observe 
CA,,~(GIA) n CAu,dA) = Ann,(A), (19) 
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since, for a E C,,,,(G/A), one has f, E Ann,(A ) if and only if ur, = 1 for all 
a E A, i.e., a E C,,,,(A). 
Obviously, J(R) is a normal subgroup of Q(R) which is normalized by 
Aut R. In particular, J(R) is D-invariant, by (16). Therefore our lemma 
implies that 
NJ:= {a I aECAu~G(GIA),forEJ(R)} 
is a normal subgroup of D. By definition, 
We shall now suppose that A satisfies chain conditions, which will lead 
to handy results on R and C,,,,(G/A). 
3.2 THEOREM. Let G be a group and A an abelian normal subgroup of G 
which satisfies the ascending and the descending chain condition on G- 
invariant subgroups. Then J(R) is nilpotent, and R/J(R) is a direct sum of 
finitely many fill matrix rings over skew fields. 
Proof. For every f~ R, the chain of G-modules 
A>(Gf)>(Gf2)2 ‘.. 
terminates, since A satisfies the descending chain condition. Therefore there 
exists a natural number n such that B := ( Gf” ) is mapped onto itself under 
f: We put g := f” and Vi := {b ( b E B, bg’ = 1 } for every nonnegative 
integer j. Then Bg = B, and 
is an ascending chain of G-modules which, by our hypothesis, must ter- 
minate, say, at U,. For any b E B with bg” E U, we have bgt” = 1 whence 
bc U2,,,= U,, yielding b 9” = 1. Since B z”’ = B, this implies U, = 1. 
Therefore, Bn ker g = U, = 1. Moreover, for every x E G there exists an 
element b E B such that xg = bg which, by (6), implies that xb - ’ E ker g. 
Thus G = (ker g) B. We have proved: 
For each f E R there exists a natural number n such that G is the 
semidirect product of ( Gf” > and ker f ". (21) 
As a consequence, we note: 
Every one-sided ideal of R which contains no idempotent element 
#O is nilpotent. (22) 
For, if I is a one-sided ideal of R and f E 1, n as in (21) then 2.2 shows that 
I contains the idempotent element e corresponding to the semidirect 
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decomposition (ker f n, (G’“)). But by our hypothesis on I, e = 0, whence 
f” = 0 which shows that Z is a nil ring. Therefore, by (lo), 
Z+ Ann,(A)/Ann.(A) is isomorphic to a nil subring of End, A. A theorem 
by Small (cf. [3, Lemma 2.11) now yields that Z+ Ann,(A)/Ann,(A) is 
nilpotent. This implies the nilpotency of Z, by (8). In particular, (22) 
implies 
J(R) is nilpotent, (23) 
since a radical ring never contains an idempotent element ~0. 
Now let B be a maximal element of the set of all normal subgroups of G 
which are contained in A and have a complement in G. Let K be a com- 
plement of B in G and set D := Kn A. Then (21), (12) and our choice of B 
imply that Z’(G, D) is a nil left ideal of R, and therefore we have: 
Z’(G, D) s J(R). (24) 
Our hypotheses yield that there exists a direct G-decomposition D of B 
into G-direct indecomposable direct factors # 1. Let 5 be the set of 
homogeneous components of a, i.e., $j consists of the (direct) products of 
all members of 3 which belong to the same G-isomorphism type. If HE $j 
and HrXx .;. x X for a G-direct indecomposable group X, then it is well 
known that End, H is isomorphic to the ring of (n x n)-matrices over 
End, X, and End, X has a unique maximal ideal the factor ring by which 
is a skew field. By (1 1 ), we have 
Z’(G, B)/Ann,l,,,,(B)rEnd, BE 1 End, H, 
HE8 
(25) 
the latter sum being direct, regarded as a sum of abelian groups. We claim 
RfJ(R) = 1” Z’(G, H) + J(R)/J(R), (26) 
HE-5 
this being a direct sum of minimal ideals. We shall conclude (26) from the 
following lemma that we prove afterwards: 
3.3 LEMMA. Assume the hypotheses of 3.2 and let B, C be normal 
subgroups of G which are contained in A such that no nontrivial G-direct 
factor of B is G-isomorphic to a G-direct factor of C. Then 
Z’(G, B).Z’(G, C)c J(R). 
By (13), R=Z’(G, D)+CH,,Z’(G, H). NOW suppose HE@. 
Lemma 3.3 implies that Z’(G, H) + J(R) is an ideal of R, and J(Z’(G, H)) 
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is a left ideal of R. Thus J(Z’(G, H)) is contained in J(R), whence 
J(R)nZ’(G, H)=J(Z’(G, H)). Thus 
Z’(G, H) + J( R)/J(R) is a full matrix ring over a skew field, (27) 
being isomorphic to End, H/J(End, H). The assumption Z’(G, H) c_ 
&E B,(H) Z’(G, H’) + J(R) leads, by 3.3, to the contradiction 
Z’(G, H). Z’(G, H) s J(R). Thus the sum of the ideals 
Z’(G, H) + J(R)/J(R) is direct. This completes the proof of our theorem 
save that we have to verify 3.3: 
Proof By (12), Z’(G, B) g is a left ideal of R, for all g E Z’(G, C). 
Thus it suffices to show that 0 is the only idempotent element of 
Z’(G, B)Z’( G, C), since the assertion of the lemma then follows from (22). 
Let f E Z’(G, B), gE Z’(G, C) and suppose that e := fg is an idempotent 
element. We set D := G’ and have to show D = 1. We have the G-direct 
decomposition C = D x ker e 1 c, and T := Df is a G-invariant subgroup of 
B which is G-isomorphic to D, since ker f  n D z ker e n D = 1. We note 
Tn ker gef= 1, (28) 
since for any t E T n ker gef, being of the form t = xef for an element x E G, 
we have 
Furthermore, Bg > Gfp = D and consequently Bge = D, hence T = Df = Bge< 
This and (28) imply that T is a G-direct factor of B. But T is G-isomorphic 
to D so that our hypothesis yields D = 1, as required. 
As a consequence, we prove 
3.4 THEOREM. Let G be a group and B, C abelian normal subgroups of G 
such that [B, C] = 1. Suppose that A := BC satisfies the ascending and the 
descending chain condition on G-invariant subgroups. Assume that no non- 
trivial G-direct factor of B is G-isomorphic to a G-direct factor of C. Then 
C,,,o(G/B) * C,,,o(G/C) is a subgroup of Aut G. 
Proof. A is an abelian normal subgroup of G, and R, := Z’(G, B), 
Ro := Z’(G, C) are left ideals of R := Z’(G, A), by (12). By 3.1, it suffices 
to show that Q(RB) o Q(R,-) = Q(Ro) o Q(RB), and this is an immediate 
consequence of 
Q&d 0 Q(G) = Q&J + Q(G). (29) 
To prove (29), let f  E Q(R,), ge Q(Rc). Then fge J(R)n R,E J(R,), by 
3.3. Furthermore, 1.1 implies that g + fge Q(R,) and therefore 
48119612-15 
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f OgE Q(RB) + Q(R,-). On the other hand, we also have g + f -g E Q(R,), 
giviwf+g=fo(g+f -g)EQ(kAoQ(&). 
BY CW, Q(&PQ&) = Q&J + 12(&d = Q(&b Q&h as desired. 
Applying 3.1 and 3.2, we obtain 
3.5 THEOREM. Let G be a group and A an abelian normal subgroup of G 
which satisfies the ascending and the descending chain condition on G- 
invariant subgroups. Let B be a maximal element of the set of all normal sub- 
groups of G which are contained in A and have a complement in G. Suppose 
that K is a complement of B in G, and set D := A n K. Then 
0) ~AutoW14 = GdWB)~ CAut&ID). 
(ii) NJ is nilpotent and C,,,,(G/D) < N,. 
(iii) C,,,.(G/A)/N.,rl& GUn,, F,), the direct product being taken 
over all isomorphism types X of G-direct indecomposable G-direct factors of 
B, where nX is the multiplicity of X in B and FX is the factor skew field of 
End, X. 
(iv) Zf the direct factors of C,,,o(G/A)/N, in (iii) are chosen 
appropriately, then the elements of NAUtc(A) induce permutations on the set 
of these direct factors. 
Proof We set R := Z’(G, A), R,:= Z’(G, B), R, := Z’(G, D). By (24), 
R, E J(R), and by (13) we have 
R=R,+R,, R,n Rb=O. (30) 
Moreover, 
J(R) = J(R,) + RD. (31) 
Now by (12), 1.3, 1.2, and 1.1 we have 
Q(R) = Q(RB + J(R)) 
= Q&)~J(R) 
= Q&) + J(R) 
= Q&A +4&d + R, 
= Q(Rs) + RD 
= Q(RB)o&, 
yielding (i), due to 3.1. (ii) is a consequence of (23), (24), (20), and 3.1, 
whereas (iii) follows from (26), (27), 1.4, (l), (2), and 3.1. Since the 
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minimal ideals Z’(G, H)+ J(R)/J(R) of R/J(R) (cf. (26)) are uniquely 
determined, they are permuted by Aut R. In particular, the elements of 
NAutG(A) induce permutations on the set of minimal ideals of R/J(R) 
(cf. (16)). Since C,,,,(G/A)/N, and Q(R/J(R)) are N,,,.(A)-isomorphic 
by 3.1 and (20), (iv) holds. The proof is complete. 
As a consequence, we have 
3.6 COROLLARY. Let G be a group and A an abelian normal subgroup of 
G which satisfies the ascending and the descending chain condition on G- 
invariant subgroups. Then Z’(G, A) is a nilpotent ring if and only if G does 
not split over any normal subgroup # 1 which is contained in A. Zf this con- 
dition is satisfied, then C,,,,(G/A) is a nilpotent group. 
As a proof, we just have to cite (23), (26) and 3S(ii). 
If we put A := Z(G), we see that 3S(ii) and (iii) contain the main results 
of a paper by Fitting [S] on the group of central group automorphisms. It 
is clear that in this case each skew field F, is a prime field. For a finite 
group G and A = Z(G), the last assertion of 3.6 is implicitly contained in 
the very last sentence of Fitting’s paper. Much later, this result has been 
reproved for a finite group of prime power order in [ 11. If we specialize 
our theorem even further and suppose that G is finite and abelian, then, 
putting A = G, we arrive at Shoda’s well-known description of the 
automorphism group of a finite abelian group in [S]. An easy application 
of 3S(iii) is 
3.7 COROLLARY. Let G be a finite group. Suppose there are normal sub- 
groups Ho,..., H, of G such that 
l=H,<H,< .*. <H,=G 
and Hi/Hi-, is abelian for 1 < i < r. Assume that, given any G-direct decom- 
position of Hi/Hi_ 1, no two G-direct factors which have a complement in 
G/Hi-, are G-isomorphic. Then nil0 NAuto(Hi) is soluble, and its nilpotent 
length is at most 2r. 
Proof For r = 0, the assertion is trivial. Now let r > 0. We have a 
natural homomorphism 
CP: h NAutG(Hi) + h NAutG/HI(HiIH1), 
i=O i=l 
and ker cp = CA&G/HI). By induction, n;= 1 NAutGIH1(Hi/HI) is soluble, 
and its nilpotent length is at most 2(r - 1). We put A := H, and apply 
3.5(iii) where, under our hypothesis, nx= 1 for all X. But then GL(n,, Fx) 
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is isomorphic to the multiplicative group of the finite field FX and is 
therefore cyclic. Thus ker cp is soluble, and its nilpotent length is at most 2. 
The corollary follows. 
A well-known special case of 3.7 is the statement that a finite soluble 
group with a uniquely determined chief series has a soluble automorphism 
group. 
4. THE CASE OF A FINITE ABELIAN 
NORMAL SUBGROUP 
In the final part of our paper, we shall add some supplements to 3.5 
under the hypothesis that A is finite (G arbitrary). Then (10) implies that 
R/Ann,(A) is finite (where R=Z’(G, A) as usual). We have 
4.1 LEMMA. Let G be a group and A finite abelian normal subgroup of G. 
Then C,,,o(G/A) is a torsion group of bounded exponent: If X denotes the 
group of automorphisms of A which commute with the automorphisms 
induced by G, then exp(C,,,o(G/A)) 1 exp X. exp A. The factor group 
CA,,G(GIA )YCA,G(GIA ) n CA,,G(A 1 is finite. 
Proof: The last assertion follows from the finiteness of R/Ann,(A) by 
3.1 and (19). Since C,,,.(G/A)/C,,,o(G/A)n C,,,.(A) is isomorphic to a 
subgroup of X, we have 
f--, ofEAnn,(A) for all f e Q(R), 
exp x 
Ann,(A) being a zero ring, 
go .*- ;g=g+- ... +g=o for all gE Ann,(A). 
cxpA expA 
Due to 3.1, this proves our lemma. 
If A is finite and A i,,.., A, are the Sylow subgroups of A, then 
Z’(G, A)=Z’(G, Al)@ *.* @Z’(G, A,,) 
by (14). Hence 
by 3.1 and (2). In the following, we can therefore assume that (AJ is a 
power of a prime p. Then it is easy to see that the normal subgroup NJ of 
C,,,o(G/A) is p-primary, and the skew fields F, in 3.5(iii) are finite exten- 
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sions of the field with p elements. Thus NJ is the largest p-primary normal 
subgroup of CAut G( G/A). 
4.2 THEOREM. Let G be a group, p a prime and A a finite abelian normal 
p-subgroup of G. Let B be a maximal element of the set of all normal sub- 
groups of G which are contained in A and have a complement in G. 
(i) If B is elementary abelian, then C,,,,(G/A) splits over N,. 
(ii) For p # 2, NJ is the largest nilpotent normal subgroup of 
C,,,,(G/A) unless C,(G) # 1 and G = C,(G) x OP(G). 
(Here UP(G) stands for the intersection of all normal subgroups of G whose 
factor group is a finite p-group.) 
Proof. (i) As B is elementary abelian, pf = 0 for all f E Z’(G, B), and 
Z’(G, B) is an algebra over the field with p elements. By [2, II, Sect. 111, 
the ring Z’(G, B) splits over its radical. By (30) and (31) R := Z’(G, A) 
splits over its radical as well. Let T be a ring complement of J(R) in R. 
Obviously Q(T) 0 .I( R) c Q(R), and on the other hand, we have 
Q(R)/J(R) = Q(R/J( R)), by 1.4. The latter being canonically isomorphic to 
Q(T), this yields Q(T) 0 J(R) = Q(R), proving (i) by means of 3.1. 
Before we prove (ii), we insert 
4.3 LEMMA. Let G be a group, p a prime and A a>nite abelian normal p- 
subgroup of G. Then the ring Z’(G, A) contains a nontrivial central idem- 
potent element if and only if C,(G) # 1 and G = C,(G) x OP(G). 
Proof Let e be a nontrivial central idempotent element of Z’(G, A), 
B := im e, K := ker e. Then B # 1. If L is any complement of B in G, f the 
projection of G onto B with respect to the semidirect decomposition 
G= LB, then f EZ’(G, A). Hence 
since Kfc B and e 1 B is the identity mapping. Therefore K < ker f = L, 
whence L = K, and we see that K is the only complement of B in G. In par- 
ticular, K is a normal subgroup of G, and B < Z(G). We conclude that 
K = OP(G). Furthermore, 1 < B < C,(G) =: D. We have to show that B = D 
and, on the contrary, make the assumption B < D. Since D 6 Z(G) and 
B# 1, there exists a complement B* of K in G which is contained in D but 
distinct from B. Put C := A n K. Then we have A = B* x C. With respect to 
this direct decomposition, let 6 be the projection of A onto C and set 
f := e6. Then f E Z’(G, C), whence fe=O. But for be B\B* we have 
be/= bs # 1 which implies ef #O, contradicting the fact that e is central. 
Therefore, B equals D. 
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Conversely, suppose that B := C,(G) # 1 and O”(G) is a complement of 
B in G. We put C := A n OP(G). Let e be the projection of G onto B with 
respect to the direct decomposition G = B x OP(G). Then e is idempotent 
and nontrivial. We have to show that e is central. To this end, let first, 
f EZI(G, B)=Hom(G, B). For XEG, x=kb with kEOP(G), bE B, we have 
xfe = Xf= (kb)f = k-fbf = bf, 
as Hom(OP(G), B) = 0. Since by= x’~, we see that fe= ef: Second, let 
SEZI(G, C). Then for all XE G we have xfi= 1 and xef~ Bf_c Cn B= 1, 
i.e., fe = 0 = ef: Now, by (13), we see that e E Z(Z’(G, A)), as required. 
The proof shows that there exists at most one nontrivial central idem- 
potent element in Z’(G, A), since C,(G) must be its image and OP(G) its 
kernel. The reader will easily verify that Z’(G, A) contains an identity # 0 if 
and only if A # 1 and G = A x OP(G). 
Proof of 4.2(ii). Let F be the largest nilpotent normal subgroup of 
Q(R), p # 2. We assume J(R) #F. Then, by 3S(iii) and 3.1, there exists a 
nontrivial p’-element f E F with the property [Q(R), f, f ] i [J(R), f ] = 0 
whence [Q(R), f] = 0, by [S, I, 4.43. Thus f EZ(Q(R)) which, by 1.6(i), 
implies that f E Z(R). As R/Ann,(A) is finite, there exists an integer k such 
that f" + Ann,(A) is an idempotent element of R/Ann.(A). If fk = f 2k + g 
with g E Ann,(A), left multiplication with f k yields f 2k = f 3k. Hence f 2k is 
idempotent. Since f E Z(R)\J(R), f is not nilpotent, by 1.5. Therefore f 2k is 
a nontrivial central idempotent element of R. By 4.3, (ii) follows. 
If G = C,(G) x OP(G), we put B := C,(G), D := A n OP(G) and conclude 
from (14) that Z’(G, B) is an ideal of Z’(G, A). Moreover, for f c Z’(G, B), 
g E Z’(G, D) we have &= 0, since D is contained in OP(G) which is map- 
ped trivially by every homomorphism of G into B. Thus we see that 
Z’(G, D) is an ideal of Z’(G, A) as well, and Z’(G, A)=Z’(G, B)@ 
Z’(G, D). As Z’(G, B) = Hom(G, B)zEnd Band Z’(G, D)zZ’(OP(G), D), 
(2) and 3.1 yield C,,,,(G/A)rAut Bx C Aut OP(G)( 0 “( G)/D). This shows in 
which way the structure of B determines if NJ is the largest nilpotent nor- 
mal subgroup of C,,,,(G/A). 
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